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The dynamical behavior of an ion confined in a Paul ion trap supplied with a new periodic impulsional
potential in the form as f{t)=V((cos £2t | 1+kcos282t])/(1—k)); 0<k<1 (|-] means floor function) is
considered and eventually compared to the classical sinusoidal case, k=0. The new potential presents
large zero potential temporal zones and the numerical integration of the Mathieu equation with the help
of the fifth-order Runge-Kutta method showed some reduction in the stability diagrams, but for the
same g, the properties of the confined ions stayed the same. Also, for given operational parameters such

ﬁegwords" as §£2=2IT x 1.05 x 10%rad s~1, zo=0.783 cm, and rf only mode U=0 (a, =0), the potential difference V,y
Confinement values form=1andm=2ionsisfound tobe V,y=11Vfork=0and V,;=130V for k=0.9. Alarger separation,
Paul ion trap about 12 times for the impusional voltage compared to the classical sinusoidal which in term means a

Impulsional potential better mass separations and detection.
Fifth-order Runge-Kutta method

Mass separation

© 2011 Elsevier B.V. All rights reserved.

1. Introduction r—z plane and phase space, and QIT in rf only mode (a,=0) are
discussed and presented.

The confinement of gaseous ions in a Mathieu’s first stability
region of a radio-frequency linear quadrupole ion trap; two dimen-
sional confinement, or in a Paul ion trap or quadrupole ion trap
(QIT); three dimensional confinement, is a well known process
and is extensively used in wide variety of experiments and appli-
cations [1-3,5-13]. While, QIT functioning as an ion source or a
mass spectrometer, generally, the device employs classical sinu-
soidal potential form. In the past, with the aim of injecting particle
from outside into trap and increasing the voltage separations of
different confined masses, a periodic impulsional voltage of the
form f{t) = V((cos £2t)/(1 — k cos 2£2t)); 0 < k<1 was constructed and
used [11,14-19,21]. The subject of the present study is devoted to
a general survey of a QIT behavior under the new periodic impu-
sional voltage of the form f{(t)=V((cos 2t | 1+kcos 282t |)/(1 —k));

2. Runge-Kutta method

To find the stability diagram’s with high accuracy we have used
the higher order Runge-Kutta method (improvements fifth order
Runge-Kutta method) [20] as follows,

Yn+1 =Yn + h(biky + baky + b3ks + byky + bsks),

with

0 <k<1. The new potential, for a given k’s value, has a larger zero
potential temporal zones and the first stability diagram compared
to the pervious impulsional voltage form [14-19]. The numerical
integration of the Mathieu equation with the help of the fifth-order
Runge-Kutta method is explained and the fifth stability diagrams
are studied and compared to the classical sinusoidal. Also, the first
Mathieu’s stability regions, the ion trajectories both in real time,
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k1 = f(xn, yn),
ky = f(xn + hay, yn + hazky),
/. k
ks =f (Xn +has, yn + hag%) :
ks=f (Xn + hayg, yn + h(h;%) )
ki +ky + ks + k4)

ks = f (Xn + has, yn + has 3

by, by, bs, by and bs are the weights chosen so that the parameters
ap, as, a4 and as can be determined and (l/n)zl';lki is defined as
the arithmetic mean. For simplicity of the algebra, we consider f
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Fig. 1. Schematic view of a quadrupole ion trap.

as a function of y, without loss of generality. This will reduce the
Taylor series expansion of k;, i=1, 2, 3, 4, 5 to the following,

ki = f,
O B A
ks = S+ ghasfy (2 +Mhasfy + 3103y )
+%hza§fyy <2f + fhayfy + %fzhza%fyy) 2’
ke = S+ ghadfy (37 +Masfy + 3£y )
+ghasfy (2f +hasfy + 3£ a3y )
+%h2agfyy (2f + fhayfy + %fzhza%fyy> 2’
ks = S+ ghasfy (4F +Masfy + 3£y )
+%ha3fy <2f + fhayfy + %f 2h2‘1§fyy)
+éh2‘1§fyy (Zf + fhayfy + %fzhzagfyo ’
+%ha4fy <3f + fhayfy + %f 2h2‘1§fyy)
+%ha3fy (Zf + fhayfy + %f 2hza%fyy)
Iy (o 4 maofy + Sy )
ey (3 +Masky + 3P0 a3y
+%ha3fy (Zf + fhayfy + %fzhza%fyy) ;
with, by =-3.7783286500685627, b, =—0.18312885616492072,
b3 =0.04837565197099888, bs=-17.700904612988186,

bs=22.61398646725067, a;=0.6826487126671337,
a3 =2.7638749083367884, a;=0.1, and a5 =0.1.

3. Study the motions of ion voltage inside QIT

Fig. 1 shows a schematic view of a quadrupole ion trap (QIT).
The QIT is the ion trap with hyperbolic geometry and is composed
of aring and two end cap electrodes facing each other in the z-axis.
zg is the distance from the center of the QIT to the end cap and ry is
the distance from the center of the QIT to the nearest ring surface.
The easiest way to trap a charge particles, is to force the particles
to vibrate and swing in limited space. This force present as,

F = —kR, (M

where R is the distance from the center of swing and k is con-
stant. This force causes the oscillating particle to move around the
equilibrium point will be caused by a parabolic potential as follows,

b= _/F.dR = %kRz = %k(rz +22), (2)

here R2=r2+22, r2=x2 +y2 and x, y, z are the Cartesian space com-
ponents. Any potential in free space, should satisfy the Laplace
equation as,

vip =0. (3)

So that we see Eq. (2) cannot satisfy in the Laplace condition.
So, to trap the ions in two dimensions we need to take complex
potential as follows,

D(x,y,2) = Alax* + By* + yz%), (4)
to satisfy Eq. (4), in Laplace condition, V2@ =0, we assume, o= 8=1,
y =— 2. Therefore,

D(x,y,2) = Alx% +y% — 222) = A(r? — 272). (5)

This potential can be produced by four hyperbolic electrodes. To
obtain this form of electrodes, we can consider the surfaces with
same potential @/2 and —Py/2, as follows,

®(rg,0) = Do/2 and P(0,z0) = —Po/2. (6)

With this conditions we can find, A = (<P0)/(2r(2,) and A=
(®0)/(423), sora = 2z2. Thus, electrodes shape for the potential (4)
are as,

o= 20202y, )
21}
Eq.(7) presents a hyperbolic equations for this potential. The poten-
tial @¢ is applied to the hyperbolic rod’s can be written as,
cos £2t|1 + kcos2£2t]
1-k

And for the potential @, we have,

Do = Uge — Vrf

with 0<k<1. (8)

Dg 1 cos $2t|1 + kcos2£2t]
q§=ﬁ(r2—222)=ﬂ(rz—ZZz)(Udc—Vrf#>. 9)
The electric field components in the trap become,
(Er,Ez)=E=-VP(r,2z), (10)
where V is gradient. From Eq. (10) we have,
Uge — (Vig(cos $2t|1 + kcos 282t])/(1 - k))r
- 2
-
_ 0
(ErsE2)= | Uye — (Vip(cos 2¢11 + kcos 282t1)/(1 — K, | )
7
therefore,
E— Uge — (Vig(cos £2t|1 +2kcos 282t])/(1 - k))r, (12)
o
Uge — (V, t11+k 280t 1k
g, — e (Vig(cos 2|1 + kcos 282t 1) /( <))zz' (13)

2
o

The equations of motion for a singly charged positive ion in the
QIT are given by,

d?z cos27|1 + kcos 4t
d12+(az_22 L171< J>Z:O’ (4
d?r cos27|1 + kcos4r
Tt (ar—2qr Ll—k J)r:O. (15)
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Fig. 2. Shape of potential function for impulsional potentials of the form
(cos 2t 1+kcos282t|)/(1—k)for0<k<1.

The a and g parameters for z and r components as well as the
dimensionless parameter 7 are defined as follows,

2(1 - k)eV,

4eUdC f
,(16)
mz3§22

T=—— aZ:—ZarZ—mZ%QZ, 4z = —2qr =

where m is the ion mass and e is the electronic charge. Now, for
k=0 we have,

d?z
— +(a; —2q;cos2t)z=0, 17)
dt?
d?r
—— +(ar —2gr cos2t)r = 0. (18)
drt
with,
2t 4€Udc 2€Vrf
T=—, U;=-20r=— s =-2qr = . 19
5 z r nggz qz qr mZ%.QZ (19)

Fig. 2 shows the comparison of periodic impulsional potential
of the form Vi{(cos £2t | 1+kcos2£2¢t])/(1—k)), presented in this
paper when k=0;0.2;0.4;0.6;0.8;0.9.
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Fig. 3. The first stability region or the QIT with k=0;0.2;0.4;0.6;0.8;0.9.

4. Results
4.1. Stability regions

There are two stability parameters which control ion motion for
each dimension u (u=z or u=r); ay, qy in the case of quadrupole
ion trap. In the plane (ay, qy) for the axis z, the ion stable and
unstable motions are determine by comparing the amplitude of
the movement to one for various values of az, q;.

To compute the accurate elements of the motion equations
for the stability diagrams, a fifth order Runge-Kutta method is
employed. Fig. 3 presents the calculated first stability region
with k=0;0.2;0.4;0.6;0.8;0.9 and Fig. 4(a) and (b) presents the
calculated second stability region with k=0 and k=0.9 for the
quadrupole ion trap using 0.001 steps (h=0.001) increment in fifth
order Runge-Kutta method. Figs. 3 and 4 show when k increase
from O to 0.9 then the apex of the stability parameters a, stayed
the same and the apex of the stability parameters g, decrease.
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Fig. 4. The second stability region for the QIT, (a): k=0 and (b): k=0.9.
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Fig. 5. (a): 2,0 as a function of k in a QIT defined for first stability region when 0 <k<1 and a,=0, (b): V., as a function of k for 13'Xe with §2=21IT x 1.05 x 10 rad/s,
U=Uy =0V, zp=0.783 cm in a QIT defined for first stability region when 0 <k<1 and a, =0.

In Fig. 3, the first stability diagram is represented by ag, b1, —2ay,

—2b; and in Fig. 4, the second stability diagram is represented by 5 3 4
-1 q 1 q 1 q 1 q
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Fig. 6. The ion trajectories in real time for 8,=0.99, black line: k=0 and blue line: k=0.9. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of the article.)
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Fig. 7. The ion trajectory in r —z plan for 8,=0.99, (a) k=0 and (b) k=0.9.
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Table 1 shows the values of (az, q;) at the lower and upper tips
for the first stability region of a QIT when k=0 0.9. In other words,
coordinates (az, q;) with minimum and maximum a,. To obtain
Table 1 values we used the Eqgs. (20) and (22). Table 1 values shows
the intersection points of —2ag with b; and ag with —2b; when
k=0;0.9.

Table 1
The values of (az, q;) at the lower and upper tips for the first stability region of a QIT
when k=0; 0.9 (coordinates (a;, q,) with minimum and maximum a;, for k=0;0.9).

k (az, qz)
Lower tip Upper tip
0.0 (~0.67,1.25) (0.15,0.78)
0.9 (~0.67,0.12) (0.15,0.08)
a
003 r T T T T
To —T’T/‘-’l
™ =~7/4 ‘.’y
002t N &' ; ]
*, +
RN + :
+ * :
4y N +
001} % - b 1
P ‘f'o‘. 'oh""“«“
» *
¢ ¥y + .
N + A
% 0 :/ ’x'tmzﬁ k‘ Tn:ﬂ/?": 1
+ o 4
+ o N
» - &“ :’ ' "t -’ ‘
201} e - ¥ " 1
+ ¢ \
. 00’ ‘o' \.
:’ K 4,
. L + J
0.02 L.'V S
_003 L i 1 1 1 1
-0.06 -0.04 0.02 0 0.02 0.04 0.06

2(1)

Table 2
The values of q,,,., when a, =0 for the quadrupole ion trap in the first stability region
when k=0;0.2;0.4;0.6;0.8;0.9.

k 0.0 0.2 0.4 0.6 0.8 0.9
0.09

0.91 0.72 0.54 0.36 0.18

Qzimax

Table 2 is the values of gz, for the quadrupole ion trap in the
first stability region when k=0;0.2;0.4;0.6;0.8;0.9 for a;=0. To
obtain this values we find the answers of the equation b; =0 when
k=0;0.2;0.4;0.6;0.8;0.9.

Table 3 shows the values of V,,, for 131Xe with
£2=2IT x1.05 x 108rad/s, U=Uy.=0V, 2zp=0.783cm and a,=0
in the first stability region when k=0;0.2;0.4;0.6;0.8;0.9. To
obtain the values of Table 3 we used the following relationship,

2 )2
_ mZOQ qlmax

Zmax — m (24)
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Fig. 8. The evolution of the phase space ion trajectory for different values of the phase 7, for 8,=0.99, line: k=0, dot line: k=0.9, (a) z — z plan and (b) r — 7 plan.
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b 2 m=2

Fig. 9. The stability diagram in (U, V) for m=1amu, m=2amu, £2=2IT x 1.05 x 10° rad/s, zo=0.783 cm and (a) k=0, and (b) k=0.9.

Table 3
The values of V,,,,, when a, = 0 for 131 Xe with £2=21T x 1.05 x 10 rad/s, U=Ug =0V,
20 =0.783 cm in the first stability region when k=0;0.2;0.4;0.6;0.8;0.9.

k 0.0 02 0.4 0.6 08 0.9
Vapax (V) 1812 2265 3020 4529 9059

18,118

Here qz,,,, is second row values of Table 2. To find the values of
Table 3, we suppose V,,,, as function of m, zg, £22,eand (1-k) as
follows,

mz3§2

Ve & 20 - 1)’ (25)

Now, we use Eq. (25) to calculate Vi, for ¥'Xe with
£2=21IT x 1.05 x 10 rad/s and zo=0.783 cm when k=0;0.9 as fol-
lows,

(131/(6.022 x 10%6))% x (0.783 x 1072)% x (27 x 1.05 x 10°)?
2x1.602 x107'° x (1-0)

~ 1812,

Vlmax

(131/(6.022 x 10%°))? x (0.783 x 1072)* x (27 x 1.05 x 10°)?
Vamax = 5 ~18,118.
2x1.602 x 1071% x (1 - 0.9)

Fig. 5(a) and (b) shows gz, and V,,, as a function of k in a QIT
defined for first stability region when 0 < k<1, respectively. To plot
Fig. 5(a) and (b) we used extended of Tables 2 and 3 when k=0 up
to 0.9 using 0.1 steps. Fig. 5(a) shows that with increasing k from
0 to 1, gz, decrease and Fig. 5(b) shows that with increasing it k
from 0 to 1, V,,,, increase also. The higher V, will have the better
mass separations especially, for the lower ion mass range.

5. lIon trajectories

Figs. 6 and 7 show the ion trajectories in real time and r — z plan
for B, =0.99, respectively, blackline: k=0and blue line: k = 0.9. Fig. 8
shows the evolution of the phase space ion trajectory for different
values of the phase 7q for 8,=0.99, line: k=0, dot line: k=0.9, (a)
z —z plan and (b) r — i plan. Fig. 9 shows the stability diagram in
(U, V) for k=0;0.9 and (a) m=1amu, (b) m=2amu.

6. Discussion and conclusion

The results of the numerical integration of the Mathieu equa-
tion with the help of the fifth-order Runge-Kutta method showed

that, the apex of the stability parameters a, stayed the same. For
example, the third stability regions has a, <8.683 for k=0 and
k=0.9. But, the stability parameter q,,, substantially decreases
for higher k values. In practice, this situation might bring cer-
tain problems for impusional potential because, higher harmonics
have to be amplitude. However, as long as the amplitude of
the harmonic components stays fairly constant, there will be no
problems.

The mechanical properties of an ion under both excitation
potentials; k=0 and k=0.9, were compared using the ion displace-
ments such as; the real time, r — z plane and phase space. As far as
first stability concern, and for the same §; points (see Figs. 6-8), no
difference found in the ion behaviors.

From the results, it is seen that, a reduction in the first stability
diagrams in the az, g, plane (see Fig. 3) will resulted in the higher
Vi voltage values (see Figs. 5(b) and 9).

As an example, consider the following QIT operational param-
eters with rf only mode; U=0 (a,=0), £2=2IT x 1.05 x 106 rad s 1,
29 =0.783 cm. The values Vs voltage (correspond to the qgz,,, ) for
131Xe ion is V,;=1812V for k=0 and V,=18, 118V for k=0.9.
Moreover, with the same operational parameters, the separation
voltages AV, for mass range of 1-2 amu (hydrogen and hydrogen
like isotopes)ionsare AV;s=11Vfork=0and AV;s=130Vfork=0.9
(see Fig. 9). This indicates that, there is about 12 times more con-
fining voltage needed for the impusional voltage compared to the
classical sinusoidal case for the same ion mass-to-charge ratio. The
higher AV;sthe better mass separations especially, for the lower ion
mass range; the amplification of the higher order harmonics in the
impulsional voltage without any distortion. Also, if the impulsional
voltage ejection phase is fixed for a maximum, e.g. cos(£2t)=1,
higher potential energy will be available for ions to get out of QIT,
and eventually less ion desperation’s.
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